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Abstract. We introduce a new notion of weighted Chebychev polynomials, which is a general- 
ization of the classical one. Then we will study some properties of their zeros. 
In polynomial approximation, the zeros play an important role. Especially the location of 
zeroe has been studied by a lot of authors [l-4]. In many cases, the zeros of Chebyshev 
polynomials lie in the convex hull of the support of measures. In this note we will consider 
a class of weighted polynomials and the Chebyshev polynomials. It is confirmed that the 
zeros may be restricted in the support of the weight function under some conditions. This 
fact is due to a numerical calculation of the Chebyshev constant and others. To prove it, 
theorems shown by Mhaskar and Saff [l] play important roles. 
Let D be a domain in the complex plane C which contains the infinity. The positive 
and bounded weight function w(r) satisfies each of the following properties: (1) log w is a 
subharmonic function in D and upper semi-continuous on D U E where E is the boundary 
of D. (2) E has positive capacity. (3) ]zw(.r)] -* 0, as z + 00. 
At first we state the definitions of the w-capacity and transfinite diameter introduced 
in [l]. Let M(E) denote the class of all positive unit Bore1 measures whose support is 
contained in E. Also, for any function f : E + C, we set 
b% = fE{ If(% (1) 
We want to define the modified capacity of E. So we define the weighted logarithmic 
energy of c E M(E) by 
Iu(u) = JJ hdl% - tl W(T) w(t)] da(z) du(t). 
Using the notation 
v, = V(w, E) = JQB) L (a), 
the w-capacity of E is given by 
CP(W, El = exp(Vw). 
(2) 
(3) 
(4) 
We assume that E = supp (p,,,), 
1, (c(~) = VW. The existence of pw 
For an integer n 2 2, we set 
where pur E M(E) is an extremal measure such that 
was shown in [l, Theorem 3.1(b)]. 
6n(w, E) = sup 
~l,...J,EE JJ I(%i - %j)l d%i) W(%j) l<i<j<fl I 
(5) 
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and define the w-transfinite diameter of E by 
T(W, E) = ,,kim_ b(w,E), 
where the convergence of the sequence {6,,(w, E)} was shown in [l]. 
Next, we introduce a new notion of w-polynomials. For each integer n 2 1, we let P,,, 
denote the class of all 
P”,&) = fi (% - G) W(Z) W(G), (7) 
i=l 
which we call the w-polynomials of degree n. To modify the w-Chebyshev constant intro- 
duced in [l], we consider 
A standard argument shows that the infimum in Equation 8 is attained for some p&,(z), 
which is called a w-G-polynomial. Note that, for integers n, m 1 1, 
on+m(w, E) I on(w, E) om(w, E), (9) 
and then the sequence {(Y,(w, E)‘/“} converges. 
Corresponding to the definition of the w-Chebyshev constant introduced in [l], from now 
on, the (new) modified Chebyshev constant is defined by 
Ch(w, E) = ,J&-n~ cxn(w, E)““. (10) 
Introducing the notion of the w-Chebyshev polynomials is motivated from Equation (5), 
that is, “the w-distance between the points .ri and %j” must be ](.zi - .rj)]w(zi)w(%j), and, 
moreover, the w-capacity, trsnsfinite diameter and Chebyshev constant must be equal to 
each other. 
Further, for each integer n 1 1, we let Qn,+ denote the class of all 
!h,tU(%) = fi (% - %i) W(z) W(%i), 
i=l 
whose zeros {%i}y=i belong to the set E. We assume qi,w(z) attains the infimum 
(11) 
qn,f;;n y Ilqw(Z>b~ (12) 
The existence of qi,, (z) will b e easily shown by the same argument as in the case of p&,(r). 
Now we will establish the following theorem, which means that the zeros of Chebyshev 
polynomials may be restricted on the set E. 
THEOREM. There holds the equality 
(13) 
PROOF: Using Theorem 3.1 in [l, p. lo] and by a minor modification of the proofs of 
Theorems 5, pp. 62, 741 (da(Zi) = l/n, 15 i 5 n), we have the equality 
J log 1% - t(w(t) w(z) dp,(t) = log Cp(w, E) (14 
q.e. on E, and then 
(15) 
Weighted Chebyshev polynomials 
For each n = 1,2,..., choose n + 1 points zc, zi, . . . , .z,, in E such that 
6n+1(w, E)“(“+l) = fi n Izi - %jl W(%i) W(%j). 
i=O j#i 
Number these points so that 
fi Ia -z_ilw(zO)w(rj)=~~ I%i-%jIW(%i)W(%j). 
j=l j#i 
If 
%-%j)W(%)W(Zj), 
j=l 
considering Equations (16) and (17), we have the inequality 
Ilb%w(m+l 5 fi n 1% - %j I w(%) w(%j)* 
i=O j#i 
Therefore, Equation (6) yields the inequality 
In order to obtain the desired Equation (13), it remains to prove the relation 
~(w, E) = Cp(w E) 
and 
Equation (21) has been verified in [l], and Equation (22) is trivial. 
We remark that, using the same method as [5, p. 741, we easily get the inequality 
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(17) 
(18) 
(19) 
(21) 
(22) 
Ch(w, E) 5 T(W, E). (23) 
A result analogous to the theorem of this note was obtained by J. Siciak [S] under the 
condition different from our case. 
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